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1. Introduction
Let Cn denote the Euclidean space of complex dimension n (n  1). For z = (z1, . . . , zn), and w = (w1, . . . ,wn) in Cn ,
denote the inner product of z and w by
〈z,w〉 = z1w1 + · · · + znwn,
and write |z| = √〈z, z〉. Let Bn = {z ∈ Cn: |z| < 1} be the open unit ball of Cn and H(Bn) be the space of all holomorphic
functions on Bn . For f ∈ H(Bn), its complex gradient is deﬁned by
∇ f (z) =
(
∂ f
∂z1
(z), . . . ,
∂ f
∂zn
(z)
)
.
Let
Q f (z) = sup
{ |∇ f (z)w|
Hz(w,w)1/2
: 0 = w ∈ Cn
}
,
where ∇ f (z)w denotes the inner product 〈∇ f (z),w〉 and Hz(w,w) is the Bergman metric on Bn which is deﬁned by
Hz(w,w) = n + 1
2
(1− |z|2)|w|2 + |〈z,w〉|2
(1− |z|2)2 . (1)
As introduced by Timoney in [5], the Bloch space B of the unit ball Bn is the space of all f ∈ H(Bn) such that
‖ f ‖B = sup
z∈Bn
Q f (z) < ∞.
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Moreover, if f ∈ B , then
‖ f ‖B ≈ sup
{(
1− |z|2)∣∣R f (z)∣∣: z ∈ Bn},
where R f (z) = ∇ f (z)z = 〈∇ f (z), z〉 is radial derivative of f and the expression E ≈ F means that there exists a positive
constant C such that C−1E  F  C E . Throughout this paper, C denotes a positive constant which may change from one
occurrence to the next.
Let φ = (φ1, . . . , φn) be a holomorphic mapping of Bn into itself and the composition operator Cφ on H(Bn) is deﬁned
by Cφ f = f ◦ φ for f ∈ H(Bn). In the case of one complex variable, there exist many results in the literature (see [2]).
For instance, Madigan and Matheson in [3] proved that a composition operator Cφ on the Bloch space of the unit disk is
compact if and only if
lim|φ(z)|→1
(1− |z|2)|φ′(z)|
1− |φ(z)|2 = 0.
Later, Tjani in [6] gave another characterization of the compact composition operator on the Bloch space, that is, Cφ is
compact if and only if ‖Cφϕa‖B → 0 as |a| → 1, where ϕa is the conformal automorphism of the unit disk. Recently, Wulan,
Zheng and Zhu in [7] proved that Cφ is compact on the Bloch space if and only if ‖φm‖B → 0 as m → ∞.
As for the case of several complex variables, although the composition operator Cφ is always bounded on the Bloch space
due to the Schwarz–Pick lemma of the unit ball Bn (see [4]), there exist some diﬃculties in characterizing the compactness
of composition operators on the Bloch space. In 2009, by using a smart technique, Chen and Gauthier proved that Cφ is
compact on the Bloch space of the unit ball if and only if (see Theorem 7.4 and Lemma 3.1 in [1])
lim|φ(z)|→1
(
1− |z|2){Hφ(z)(φ′(z)z, φ′(z)z)}1/2 = 0.
Motivated by the characterization of compact composition operators on the Bloch space of the unit disk in [6] and [7], we
give several new necessary and suﬃcient conditions for the compactness of Cφ on the Bloch space of the unit ball Bn . Due
to the difference between one variable and several variables, some constructive techniques are applied in this paper.
2. Preliminaries
Let φ = (φ1, . . . , φn) be a holomorphic mapping of Bn into itself. We call the Jacobian matrix
φ′(z) =
⎛
⎜⎝
∂φ1
∂z1
· · · ∂φ1
∂zn
...
. . .
...
∂φn
∂z1
· · · ∂φn
∂zn
⎞
⎟⎠=
⎛
⎝∇φ1(z)...
∇φn(z)
⎞
⎠ (2)
the derivative of φ at z. The symbol φ′(z)z is denoted by
φ′(z)z = (Rφ1(z), . . . , Rφn(z)). (3)
Note that φ′(z)z can be regarded as the transpose of multiplying the matrix φ′(z) by the column vector z. For convenience,
sometimes vectors in Cn should be taken as columns to make the rule look right even though they are written as rows in
this paper. For f ∈ H(Bn), by the chain rule, we have
R( f ◦ φ)(z) = ∇( f ◦ φ)(z)z = ∇ f (φ(z))φ′(z)z.
For a ∈ Bn − {0}, we deﬁne
ϕa(z) = a − Paz − sa Qaz
1− 〈z,a〉 , z ∈ B
n, (4)
where sa =
√
1− |a|2, Pa is the orthogonal projection from Cn onto the one-dimensional subspace [a] generated by a and
Qa = I − Pa is the projection onto the orthogonal complement of [a]. That is
Paz = 〈z,a〉|a|2 a, Qaz = z −
〈z,a〉
|a|2 a, z ∈ B
n. (5)
When a = 0, we simply deﬁne ϕa(z) = −z. It is well known that each ϕa is an automorphism of the unit ball Bn . If we
identify linear transformation of Cn with n × n matrices via the standard basis of Cn , then for each a ∈ Bn − {0},
ϕ′a(a) = −
Pa
1− |a|2 −
Qa√
1− |a|2 . (6)
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∣∣ϕa(z) − a∣∣=
√
(1− |a|2)(|z|2 − |〈z,a〉|2)
|1− 〈z,a〉|
and
∣∣ϕ′a(a)z∣∣=
√
(1− |a|2)|z|2 + |〈z,a〉|2
1− |a|2 .
Proof. By (4), we get
ϕa(z) − a = 〈z,a〉a − Paz − sa Qaz
1− 〈z,a〉 =
(|a|2 − 1)Paz − sa Qaz
1− 〈z,a〉 .
Note that Paz and Qaz are perpendicular in Cn . Moreover, |Paz|2 + |Qaz|2 = |z|2. Thus, by (5) we have∣∣(|a|2 − 1)Paz − sa Qaz∣∣2 = ∣∣(1− |a|2)Paz∣∣2 + |sa Qaz|2
= (1− |a|2)2|Paz|2 + (1− |a|2)(|z|2 − |Paz|2)
= (1− |a|2)(|z|2 − |a|2|Paz|2)
= (1− |a|2)(|z|2 − ∣∣〈z,a〉∣∣2).
Therefore the desired result follows.
On the other hand, by (6) we get
∣∣ϕ′a(a)z∣∣2 =
∣∣∣∣ Paz1− |a|2 + Qaz√1− |a|2
∣∣∣∣
2
= |Paz|
2
(1− |a|2)2 +
|Qaz|2
1− |a|2 .
Thus, we obtain
∣∣ϕ′a(a)z∣∣2 = |Paz|2 + (1− |a|2)(|z|2 − |Paz|2)
(1− |a|2)2 =
(1− |a|2)|z|2 + |〈z,a〉|2
(1− |a|2)2 .
The proof is complete. 
To characterize compact composition operators on the Bloch space, we need the following lemma which was proved
in [6].
Lemma 2.2. The composition operator Cφ is compact on the Bloch space B if and only if for every bounded sequence { fm} in B which
converges to 0 uniformly on compact subsets of Bn, the sequence {Cφ fm} converges to 0 in the norm of B.
3. Main results
Before stating our results, we deﬁne a vector function space B∗ consisting of all holomorphic mappings F = ( f1, . . . , fn)
of the unit ball Bn into Cn such that
B∗ = {F = ( f1, . . . , fn): f i ∈ B, i = 1, . . . ,n}.
Let
‖F‖B∗ =
(
n∑
i=1
‖ f i‖2B
)1/2
.
It is easy to see that ‖ · ‖B∗ is a semi-norm. For F = ( f1, . . . , fn) ∈ B∗ , the notation Cφ F is given by Cφ F = (Cφ f1, . . . ,Cφ fn),
where φ is a holomorphic mapping of Bn into itself.
Theorem 3.1. Let φ be a holomorphic mapping of Bn into itself. Then the composition operator Cφ is compact on the Bloch space B if
and only if
‖Cφϕa‖B∗ → 0, as |a| → 1.
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|ϕa(z)| < 1 for all z ∈ Bn , then {ϕi,a: a ∈ Bn} is a bounded family in the Bloch space for each i ∈ {1, . . . ,n}. By Lemma 2.1,∣∣ϕi,a(z) − ai∣∣ ∣∣ϕa(z) − a∣∣→ 0
uniformly on compact sets of Bn as |a| → 1. If Cφ is compact on the Bloch space B , then, for every sequence of values a,
for which |a| → 1, the sequence {ϕi,a − ai} converges to 0 in the norm of B by Lemma 2.2. Thus,
lim|a|→1
∥∥Cφ(ϕi,a − ai)∥∥B = lim|a|→1‖Cφϕi,a‖B → 0.
This shows that ‖Cφϕa‖B∗ → 0 as |a| → 1.
Conversely, assume that lim|a|→1 ‖Cφϕa‖B∗ → 0. Then for given ε > 0, there exists 0 < δ < 1 such that ‖Cφϕa‖B∗ < ε
whenever δ < |a| < 1. In particular, for z ∈ Bn satisfying |φ(z)| > δ, ‖Cφϕφ(z)‖B∗ < ε. Note that
‖Cφϕi,a‖B ≈ sup
w∈Bn
(
1− |w|2)∣∣R(ϕi,a ◦ φ)(w)∣∣= sup
w∈Bn
(
1− |w|2)∣∣∇ϕi,a(φ(w))φ′(w)w∣∣.
Therefore, by (2) we have
(
1− |z|2)∣∣ϕ′φ(z)(φ(z))φ′(z)z∣∣=
(
n∑
i=1
{(
1− |z|2)∣∣∇ϕi,φ(z)(φ(z))φ′(z)z∣∣}2
)1/2

(
n∑
i=1
{
sup
w∈Bn
(
1− |w|2)∣∣∇ϕi,φ(z)(φ(w))φ′(w)w∣∣}2
)1/2
≈
(
n∑
i=1
‖Cφϕi,φ(z)‖2B
)1/2
= ‖Cφϕφ(z)‖B∗ < ε
for all z ∈ Bn such that |φ(z)| > δ. By Lemma 2.1, we get
(1− |z|2){(1− |φ(z)|2)|φ′(z)z|2 + |〈φ′(z)z, φ(z)〉|2}1/2
1− |φ(z)|2 =
(
1− |z|2)∣∣ϕ′φ(z)(φ(z))φ′(z)z∣∣< ε.
By (1), it follows that
(
1− |z|2){Hφ(z)(φ′(z)z, φ′(z)z)}1/2 <
√
n + 1
2
ε (7)
for z ∈ Bn satisfying |φ(z)| > δ.
Now we show that Cφ is compact on the Bloch space. Let { fm} be a bounded sequence in the Bloch space such that { fm}
converges to 0 uniformly on compact subsets of Bn . By Lemma 2.2, we only need to prove that as m → ∞,
‖Cφ fm‖B ≈ sup
z∈Bn
(
1− |z|2)∣∣R( fm ◦ φ)(z)∣∣→ 0.
We distinguish the following three cases.
(a) If φ′(z)z = 0, then (1− |z|2)|R( fm ◦ φ)(z)| = (1− |z|2)|∇ fm(φ(z))φ′(z)z| = 0.
(b) If φ′(z)z = 0 and |φ(z)| δ, since the set A = {w: |w| δ} is a compact subset of Bn , then |∇ fm| converges uniformly
to 0 on the compact subset A. Therefore there exists a positive integer N such that |∇ fm(φ(z))| < ε for m > N and z ∈ Bn
satisfying |φ(z)| δ. Thus, for all such z, it follows that from (3)(
1− |z|2)∣∣R( fm ◦ φ)(z)∣∣= (1− |z|2)∣∣∇ fm(φ(z))φ′(z)z∣∣
 ε
(
1− |z|2)∣∣φ′(z)z∣∣
= ε(1− |z|2)
(
n∑
i=1
∣∣Rφi(z)∣∣2
)1/2
 Cε
(
n∑
i=1
‖φi‖2B
)1/2
= Cε‖φ‖B∗ .
(c) If φ′(z)z = 0 and |φ(z)| > δ, by (7) we obtain
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1− |z|2)∣∣R( fm ◦ φ)(z)∣∣= (1− |z|2)∣∣∇ fm(φ(z))φ′(z)z∣∣
= (1− |z|2){Hφ(z)(φ′(z)z, φ′(z)z)}1/2 · |∇ fm(φ(z))φ′(z)z|{Hφ(z)(φ′(z)z, φ′(z)z)}1/2

√
n + 1
2
ε‖ fm‖B .
Combining the above cases, we conclude that ‖Cφ fm‖B → 0 as m → ∞ and so Cφ is compact on the Bloch space. 
Next we give another characterization of compact composition operators on the Bloch space.
Theorem 3.2. Let φ be a holomorphic mapping of Bn into itself. Then the composition operator Cφ is compact on the Bloch space B if
and only if ‖〈φ, ζ 〉m‖B converges uniformly to 0 on ∂Bn = {ζ ∈ Cn: |ζ | = 1} as m → ∞.
Proof. Note that the family {〈z, ζ 〉m: ζ ∈ ∂Bn} is bounded on the Bloch space B and converges uniformly to 0 on compact
subsets of Bn as m → ∞. Suppose, ‖〈φ, ζ 〉m‖B does not converge uniformly to 0 on ∂Bn as m → ∞. Then, there are some
 > 0 and some sequence mk → ∞ and some sequence {ζk} in ∂Bn such that
‖Cφ fk‖B =
∥∥〈φ, ζk〉mk∥∥B > ,
where fk(z) = 〈z, ζk〉mk . It follows from Lemma 2.2 that Cφ is not compact.
Conversely, assume that ‖〈φ, ζ 〉m‖B → 0 uniformly on ∂Bn as m → ∞. Note that∥∥〈φ, ζ 〉m∥∥B ≈ sup
z∈Bn
(
1− |z|2)∣∣R(〈φ(z), ζ 〉m)∣∣= sup
z∈Bn
m
(
1− |z|2)∣∣〈φ(z), ζ 〉∣∣m−1∣∣〈φ′(z)z, ζ 〉∣∣.
Therefore, for any ε > 0 there exists M > 1 such that when x > M ,
x
(
1− |z|2)∣∣〈φ(z), ζ 〉∣∣x−1∣∣〈φ′(z)z, ζ 〉∣∣< ε (8)
for all z ∈ Bn and ζ ∈ ∂Bn . In particular, if |φ(z)| > 1− 1M , letting ζ = φ(z)/|φ(z)| and x = 1/(1− |φ(z)|) in (8), we get
1− |z|2
1− |φ(z)|
∣∣φ(z)∣∣(1−|φ(z)|)−1−2∣∣〈φ′(z)z, φ(z)〉∣∣< ε.
Since |φ(z)|(1−|φ(z)|)−1−2 → e−1 as |φ(z)| → 1 and ε is arbitrary, we conclude that
lim|φ(z)|→1
1− |z|2
1− |φ(z)|2
∣∣〈φ′(z)z, φ(z)〉∣∣= 0. (9)
On the other hand, by the projection theorem, there exists η(z) ∈ ∂Bn such that 〈φ(z), η(z)〉 = 0 and
φ′(z)z = u φ(z)|φ(z)| + vη(z),
where u, v are complex numbers satisfying
u = 〈φ
′(z)z, φ(z)〉
|φ(z)| , v =
〈
φ′(z)z, η(z)
〉
.
Let
ζ = φ(z) +
√
1− ∣∣φ(z)∣∣2η(z).
Then |ζ | = 1 and〈
φ(z), ζ
〉= ∣∣φ(z)∣∣2, 〈φ′(z)z, ζ 〉= 〈φ′(z)z, φ(z)〉+√1− ∣∣φ(z)∣∣2v.
Since |v|2 + |u|2 = |φ′(z)z|2, we obtain
∣∣〈φ′(z)z, ζ 〉∣∣√1− ∣∣φ(z)∣∣2|v| − ∣∣〈φ′(z)z, φ(z)〉∣∣

√
1− ∣∣φ(z)∣∣2(∣∣φ′(z)z∣∣− |u|)− ∣∣〈φ′(z)z, φ(z)〉∣∣

√
1− ∣∣φ(z)∣∣2∣∣φ′(z)z∣∣− |u| − ∣∣〈φ′(z)z, φ(z)〉∣∣
=
√
1− ∣∣φ(z)∣∣2∣∣φ′(z)z∣∣− (1+ ∣∣φ(z)∣∣−1)∣∣〈φ′(z)z, φ(z)〉∣∣. (10)
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lim|φ(z)|→1
1− |z|2
1− |φ(z)|2
∣∣〈φ′(z)z, ζ 〉∣∣= 0,
which, together with (9) and (10), yields
lim|φ(z)|→1
1− |z|2√
1− |φ(z)|2
∣∣φ′(z)z∣∣= 0. (11)
Combining (9) with (11), we conclude that
lim|φ(z)|→1
(1− |z|2){(1− |φ(z)|2)|φ′(z)z|2 + |〈φ′(z)z, φ(z)〉|2}1/2
1− |φ(z)|2 = 0.
This implies that (7) holds. The same argument from the third paragraph of the proof of Theorem 3.1 shows that Cφ is
compact on the Bloch space B . 
For z = (z1, . . . , zn) in Cn and a positive integer m, we deﬁne
zm = (zm1 , . . . , zmn ).
After using the above notation, we have the following theorem by Theorem 3.2 along with the deﬁnition of the vector
function space B∗ .
Theorem 3.3. Let φ be a holomorphic mapping of Bn into itself and U be the set consisting of unitary matrices U . Then the composition
operator Cφ is compact on the Bloch space B if and only if ‖(φU )m‖B∗ converges uniformly to 0 on U as m → ∞.
Proof. For each U ∈ U , it can be written as U = (ζ1, . . . , ζn), where ζ1, . . . , ζn are orthogonal and ζi ∈ ∂Bn for each i ∈
{1, . . . ,n}. Assume that Cφ is compact on the Bloch space. By Theorem 3.2, ‖〈φ, ζ 〉m‖B → 0 uniformly on ∂Bn . Thus, it
follows that ‖(φU )m‖B∗ → 0 uniformly on U as m → ∞ from the fact φU = φ(ζ1, . . . , ζn) = (〈φ, ζ1〉, . . . , 〈φ, ζn〉). For the
converse, assume that ‖(φU )m‖B∗ converges uniformly to 0 on U . Fix ε > 0, then there is an mε such that ‖(φU )m‖B∗ < ε
for each U ∈ U and m > mε . Now assume ζ is a unit vector. Then there exist orthogonal unit vectors ζ2, . . . , ζn such
that U = (ζ , ζ2, . . . , ζn) becomes a unitary matrix. Therefore it follows that ‖〈φ, ζ 〉m‖B  ‖(φU )m‖B∗ < ε for m > mε . By
Theorem 3.2, Cφ is compact on the Bloch space. 
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